Abstract. In this article we propose an extension of Appell hypergeometric function F 2 (or equivalently F 3 ). It is derived from a particular solution of a higher order Painlevé system in two variables. On the other hand, an extension of Appell's F 1 was introduced by Tsuda. We also show that those two extensions are equivalent at the level of systems of linear partial differential equations.
Introduction
Thanks to the previous works [7, 10, 12, 13, 14] we have a good classification theory of isomonodromy deformation equations of Fuchsian systems; we call them higher order Painlevé systems. From this point of view several extensions of the Painlevé VI equation have been proposed in [5, 6, 11, 15, 19, 21] .
It is well known that the Painlevé VI equation (resp. the Garnier system) admits a particular solution in terms of the Gauss hypergeometric function 2 F 1 (resp. Appell's F 1 or Lauricella's F D ); see [4, 6, 8] . In recent years an investigation of hypergeometric solutions of Painlevé systems has been developed greatly; see [6, 18, 19, 20] . We list the obtained hypergeometric solutions of 4th and 6th order Painlevé systems in the following The symbol H λ stands for a Painlevé system which is derived from the Fuchsian system with the spectral type λ. Note that the Garnier system in two (resp. three) variables is denoted by H [7] . It is the same for the other systems. Let λ i (i = 2, . . . , m + 3) be partitions of a natural number n + 1. By an observation of the above table we expect that the 2n-th order Painlevé system H n1,λ 2 ,...,λ m+3 admits a particular solution in terms of the (n + 1)-st order rigid system of type λ 2 , . . . , λ m+3 . It is probably true in the case of m = 1, namely the Painlevé system is an ordinary differential one; see Section 5 of [19] . However, in the case of m ≥ 2, the situation is more complicated. As is seen later, a Painlevé system (or a linear Pfaff system) in multi-variables doesn't always contain only one type of rigid system. Therefore we have to investigate the case of m ≥ 2 more deeply in order to go toward a unified theory of Painlevé systems, rigid systems and hypergeometric functions.
As a first step of our purpose we investigate the Schlesinger-Tsuda system H n+1,2 given in [21] and its particular solution. The system H n+1,2 is derived from the Fuchsian system of type {(n, 1), (n, 1), (n, 1), (1, . . . , 1), (1, . . . , 1)}. According to Oshima's work [13, 14] , this Fuchsian system is transformed by Katz's two operations to the following two types of systems.
Hence we expect that the following two types of rigid systems appear in a particular solution of H n+1,2 . I 2n+1 : {(2n, 1), (n + 1, n), (n + 1, 1, . . . , 1), (n + 1, 1, . . . , 1)} J 2n+1 : {(2n, 1), (2n, 1), (2, . . . , 2, 1), (2, . . . , 2, 1)} In [20, 22] the Pfaff system I 2n+1 /I 2n+1 has already derived from H n+1,2 . In this article we look for another particular solution of H n+1,2 and derive a Pfaff system J 2n+1 /I 2n+1 . We also present a hypergeometric function 
to the system which F 3 satisfies. Then each solution of transformed F 3 -system is a linear combination of four independent solutions of F 2 -system; see [3] .
On the other hand, the hypergeometric function F n+1,2 was introduced by Tsuda as an extension of Appell's F 1 in [20] . The solution of I 2n+1 /I 2n+1 is described in terms of F n+1,2 ; see [22] . As the system I 2n+1 /I 2n+1 is transformed by (t 1 , t 2 ) → (1/t 1 , t 2 /t 1 ) to J 2n+1 /I 2n+1 , we can predict that the function F (n) 2 with a = c 1 + c ′ − 2 is equivalent to F n+1,2 . In this article it is shown to be true at the level of systems of LPDEs. The relationship between F 2 and F 1 was pointed out in [2, 17] . Our result becomes an extension of this classical result.
This article is organized as follows. In Section 2 a hypergeometric function
2 is defined by a formal power series. We also give a system of LPDEs and an integral expression for F (n) 2 . In Section 3 a Pfaff system J 2n+1 /I 2n+1 is derived from H n+1,2 as a particular solution. It is shown in Section 4 that this Pfaff system admits a solution in terms of F (n) 2 . In Section 5 a degeneration structure of the particular solution of H n+1,2 is investigated. In Section 6 a relationship between F (n) 2 and F n+1,2 is investigated from two points of view, namely a system of LPDEs and an integral expression. In Section 7 we state a summary of this article and some future problem.
2. An extension of the Appell hypergeometric function F 2 We define a hypergeometric function F (n) 2 as an extension of Appell's F 2 by a formal power series
which is convergent in |t 1 | + |1 − t 2 | < 1. This series satisfies a system of linear partial differential equations
2 is given by
where If, in system (2.1), we assume that a = c 1 + c ′ − 2, then we obtain
System (2.3) can be rewritten to a Pfaff one J 2n+1 /I 2n+1 ; see Section 3. We now choose a solution of (2.3)
Then we obtain an integral expression of (δ 1 + c 1 − 1)z as
where
We will prove (2.4) in Appendix A. 4 In the last we state a degeneration from
briefly. Letz = (δ 1 + c 1 − 1)z and assume that b 1 = c 1 − 1. Then system (2.3) can be reduced to
As is seen in Section 5, system (2.5) can be rewritten to a Pfaff one J 2n /I 2n .
3. The Schlesinger-Tsuda system H n+1,2 and its particular solution in terms of J 2n+1 /I 2n+1 The Schlesinger-Tsuda system H n+1,2 given in [21] is expressed as the Hamiltonian system of 4n-th order in two variables
The Hamiltonian H 1 is given by
The Hamiltonian H 2 is obtained from H 1 via a replacement
Although the system H n+1,2 contains 2n + 3 parameters, we have 2n + 4 parameters, namely θ 1 , θ 2 , θ 3 , κ 0 , . . . , κ n , ρ 1 , . . . , ρ n , in the above Hamiltonian. In fact, we can let any one of κ 0 , . . . , κ n be equal to zero without loss of generality. In this article we leave all of those parameters in order to write some formulas concisely.
In the system H n+1,2 we assume that
We also define a dependent variable w 0 by
where d stands for an exterior derivative for t 1 , t 2 , and set
Then we obtain the following theorem by a direct computation.
Theorem 3.2. A vector of dependent variables w
where E i, j stands for the (2n + 1) × (2n + 1) matrix with 1 in the (i, j)-th entry and zeros elsewhere.
The Riemann scheme of system (3.2) is given by 
Then a vector of dependent variables w
2) under a change of parameters
We will prove this theorem in Section 4.
Remark 3.4. If, in the system H n+1,2 , we assume that
then we obtain the Pfaff system I 2n+1 /I 2n+1 given in [20, 22] . As a matter of fact, a relationship between two specializations (3.1) and (3.4), or equivalently two Pfaff systems J 2n+1 /I 2n+1 and I 2n+1 /I 2n+1 , is derived from the birational transformation
under which the system H n+1,2 is invariant; see [21] . 
2)
3)
for i = 1, . . . , n, where
Equation (4.5) follows from definition (3.3) immediately. We will prove the other five equations.
We first show that
Substituting system (2.3) to definition (3.3), we have
On the other hand, we have
It implies
Note that we use
in the above calculation. Combining equations (4.8) and (4.9), we obtain (4.7).
We next show that
Hence we obtain
which is rewritten to equation (4.10).
We can prove equations (4.2) and (4.3) by substituting (4.7) and (4.10) to
which follows from definition (3.3).
The rest three equations can be proved as follows. We obtain equation ( 
We also obtain equation (4.6) by substituting (4.3) to
Note that three equations above follow from definition (3.3).
A degeneration of H n+1,2 and its particular solution in terms of J 2n /I 2n
Let us substitute q
to the system H n+1,2 . Then we obtain a Hamiltonian system of (4n − 2)-nd order in two variables; denote it by H * n+1,2 . It is derived from the isomonodromy deformation of the Fuchsian system of type {(n, 1), (n, 1), (n, 1), (2, 1, . . . , 1), (1, . . . , 1)}. A degeneration of its hypergeometric solution occurs as follows. We state its detail in the following. In system (3.2) we assume that
Then we obtain a linear Pfaff system for a vector of functions
where E i, j stands for the 2n × 2n matrix with 1 in the (i, j)-th entry and zeros elsewhere. The Riemann scheme of system (5.3) is given by
. . , n), Hence we can find that system (5.3) is the Pfaff one J 2n /I 2n . Their spectral types are defined as follows.
I 2n : {(2n − 1, 1), (n, n), (n + 1, 1, . . . , 1), (n, 1, . . . , 1)} J 2n : {(2n − 1, 1), (2n − 1, 1), (2, . . . , 2), (2, . . . , 2, 1, 1)} In the system H * n+1,2 we assume that
and set . Letz be a solution of system (2.5). We also set 
A relationship between F
(n) 2 and F n+1,2 The hypergeometric function F n+1,2 given in [20] is an extension of Appell's F 1 . It is defined by a formal power series
which is convergent in |s 1 | < 1, |s 2 | < 1. This series satisfies a system of linear partial differential equations 
In this section we investigate a relationship between F (n) 2 and F n+1,2 from two points of view, namely a system of LPDEs and an integral expression. Although we imposed the constraint a = c 1 + c ′ − 2 on F (n) 2 in Section 2, we now assume that a = c ′ in order to write some formulas concisely. Let us consider a function
which satisfies a system of LPDEs
Theorem 6.1. System (6.3) is transformed by a transformation
to system (6.1) with
Remark 6.2. In order to derive the formal power series of F n+1,2 (resp. F (n)
2 ) by the Frobenius method from system (6.1) (resp. (6.3) ), the third equation of the system is unnecessary. We add those equations in order to insist the equivalence between two system of LPDEs in Theorem 6.1.
Corollary 6.3. Integral expression (2.2) with a = c
′ is transformed to (6.2) as
where |s 1 | < 1, |s 2 | < 1 and
Proof. Assume that a = c ′ . Then we have
By using it we obtain
It is transformed by
to integral expression (6.2) with
Conclusion
In this article we introduced the hypergeometric function F
2 as an extension of Appell's F 2 . It was obtained from a particular solution of the Painlevé system H * n+1,2 . We also shew that F (n) 2 with one special parameter is equivalent to the hypergeometric function F n+1,2 which is an extension of Appell's F 1 . Summarizing the obtained result, we can draw the following picture.
The symbol F (n) 2 | (resp. F n+1,2 |) stands for the function F (n) 2 (resp. F n+1,2 ) with one special parameter. In the above picture the bottom is given by the classical result [2, 4, 6, 17] , the part H n+1,2 −→ I 2n+1 /I 2n+1 ←− F n+1,2 by [20, 22] and the rest by this article.
The result of this article gives an example that one Painlevé system contains two types of rigid systems. It suggests that if two Painlevé systems H n1,λ 2 ,...,λ m+3 and H n1,µ 2 ,...,µ m+3 are equivalent, then they contains two rigid systems, of type λ 2 , . . . , λ m+3 and of type µ 2 , . . . , µ m+3 . Here we let λ i , µ i (i = 2, . . . , m + 3) be partitions of a natural number n + 1. It is also suggested that properties of Painlevé systems, especially affine Weyl group symmetries, can be applied to analyses of rigid systems and hypergeometric functions. As is seen in Remark 3.4, the relationship between F (n) 2 and F n+1,2 is derived from the symmetry of H n+1,2 .
On the other hand, in [20] , the function F n+1,2 was extended to the one in multi-variables. Namely, we have a formal power series 
we have not found any suitable rigid system or Painlevé system even in the case of m = 3. It is a future problem. Also, we have to consider an extension of Appell's F 4 and Lauricella's F C . In fact, the function F 4 has already appeared in a particular solution of a Painlevé system; see Appendix B.
Remark 7.1. The function F A in m variables, namely F
, satisfies a system of partial differential equations 
Then the formal power series of F
2 is transformed to a multiple integral as
Hence we obtain integral expression (2.2) by a transformation
We next prove integral expression (2.4). Similarly as above we have
On the other hand, by using an equation
Substituting equation (A.2) to (A.1), we obtain Hence we can find that system (B.1) is the Pfaff one P 4,4 /P 4,4 . Namely, if we regard each of t 1 , t 2 as an independent variable and another as a constant, then this Pfaff system becomes a rigid one of type 31, 22, 22, 22. The solution of (B.1) can be described in terms of the Appell hypergeometric function F 4 . In [9] it was shown that F 4 satisfies a system of linear partial differential equations Thanks to this fact, we obtain
